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Abstract
In this work, Mixed-Mode Bending (MMB) tests are performed on spruce specimens for several mixed mode ratios GI/GII and in
pure Modes (I and II). For each fracture test, the resistance curve (R-curve) is estimated on the basis of the equivalent LEFM by
the compliance method. The compliance function used in this study is based on a ﬁnite element modeling in which the invariant
Mθ-integral method is applied to separate each mode component. In the quasi-brittle material such as wood, the fracture criterion
is usually presented by using the propagation resistance of wood (plateau constant values of the R-curve relative to mode I and
mode II components) so that, in this paper, a generalization of the fracture criterion whatever the crack length is proposed. The
results show that, in the rising zone and the plateau zone of R-curves, both components (mode I and mode II) of the resistance to
crack growth under the mixed mode loading are described with a reasonable accuracy on the basis of the generalized criterion.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
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1. Introduction
The previous day in the wood structural design, it was generally accepted that the failure criterion was based
on the strength failure of the material. Gradually, the fracture criterion has been more considered than the strength
criterion of the material, because the fracture criterion has more and clearly explained the nature of fracture process
and completed the actual failure criterion than the previous one. However, in the fracture mechanic approach, the
failure criterion is still limited by the lack of an adequate fracture criterion. In generally, timber structures behave
under mixed-mode condition caused by the location of the external loading. This fracture behavior should be taken
into account in the structural design.
Some authors have already focused on the fracture characterization of wood under mixed mode conditions such
as Jernkvist (2001) used the Double Cantilever Beam (DCB) with asymmetrical arms and the Single Edge Notched
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Tensile (SENT) tests; Tschegg et al. (2001) used the asymmetrical Wedge Splitting Test (WST) specimen; Pitti et al.
(2007) used the Constant Tension Shear (CTS) specimen. However, these previous tests with the specimen geometry
(DCB, SENT, WST, CTS, etc.) have shown some diﬃculties in varying the mode ratio GI/GII in a wide range to
signiﬁcantly obtain the mode ratio distributed for a fracture envelop in the GI vs GII space for fracture criteria.
In order to provide an easy variation of the mode ratio under mixed-mode condition, the mixed-mode bending test
(MMB) developed by Reeder and Crews (1990) has been used for the interlaminar fracture properties of artiﬁcial
composites. The mode ratio of this test was easily changed by altering the length of the loading lever. This geometry
is based on the superposition of two widely used single mode tests: the Double Cantilever Beam (DCB) specimen -
mode I test and the End Notched Flexure (ENF) specimen - mode II test (Fig.1a).
Many authors, for instance, used the MMB specimen to characterize the fracture criteria under the mixed mode in
the GI −GII space such as Oliveira et al. (2007); Tenchev and Falzon (2007); Moura et al. (2010); Yoshihara (2013),
etc. However, in previous studies, fracture criteria were investigated by using the propagation fracture toughness
which were determined at plateau values of R-curve relative to each component (mode I and mode II) in mixed mode
conditions.
In this paper, R-curves for pure modes and the mixed-mode I/II (MMB test) are determined by the compliance
function and the Mθ-integral method which are based on the ﬁnite element analysis (FEA). Furthermore, a general
form of the fracture criterion whatever the crack length in R-curve under mixed mode condition is studied.
2. Experimental tests
The specimen geometry and its dimensions (2h = 30mm, L = 325mm, L1 = 30mm, a0 = 227mm and width
b = 30mm) are represented in Fig.1a. Specimens and fracture test are conditioned at the ambient temperature of
20 ◦C and 65% of relative humidity. Fracture tests have been carried out with the displacement control in the TL
conﬁguration. The DCB and ENF test are used for pure mode I and pure mode II, respectively. Seven diﬀerent mode
ratios (GI/GII) are analyzed: 0.15, 0.40, 0.70, 1.15, 1.60, 2.50, 3.50.
Fig. 1. (a) Schematic representation of the MMB specimen; (b) Sketch of the elastic strain energy release rate for mixed mode, mode I and mode II
Following a superposition of the loading analysis, the mode I and the mode II loading components (PI , PII) and
displacements of the loading point can be written as in Eq.(1) and Eq.(2). The mode ratio (GI/GII) can be altered by
changing the parameter c on the loading lever (Fig.1a).
PI =
3c − L
4L
P and PII =
c + L
L
P (1)
δ =
(
3c − L
4L
)
δI +
(c + L
L
)
δII with δI = νP11 − νP21 and δII = −νP22 + 12 (νP21 + νP23) (2)
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3. R-curve estimation
3.1. Compliance method
An equivalent LEFM approach is usually applied on the quasi-brittle fracture and provides useful approximations
(Bazant and Planas (1998)). In this approach, the equivalent crack length aeq is deﬁned as the crack length (of a
specimen considered as linear elastic everywhere) which gives the same compliance as the one relative to the actual
specimen with its crack and FPZ (Morel et al. (2005)). In this study, for a given point of the load-displacement
curve, the equivalent linear elastic crack length is computed using the compliance function obtained by ﬁnite element
calculations with imposed crack length and with purely elastic properties. The compliance function takes into account
rotation and deﬂection eﬀects caused by shearing at the crack tips. The inﬂuence of the elastic proprieties diﬀerence
between the simulation and the experiment is studied and a correction coeﬃcient taking into account this diﬀerence
is proposed.
For a given experimental equivalent crack length a, the energy released during an inﬁnitesimal crack extension
δa (shaded area in the Fig.1b) is written in Eq.(3) which allows estimating the resistance to the crack growth as
GR(a) = G(a) (Morel et al. (2005)):
G(a) =
1
bδa
[
1
2
P(a1)δ(a2) − 12P(a2)δ(a1)
]
= Gtot(a) = GI(a) +GII(a) (3)
G(a) =
1
bδa
[
1
2
PI(a1)δI(a2) − 12PI(a2)δI(a1)
]
+
1
bδa
[
1
2
PII(a1)δII(a2) − 12PII(a2)δII(a1)
]
(4)
In Eq.(3) and Eq.(4), the strain energy release rate GTot(a),GI(a),GII(a) corresponding to total, mode I and mode II,
respectively, are calculated with the load-displacement curve of (P, δ), (PI , δI) and (PII , δII), respectively (Fig.1b). It
means that locations of M1 and M2 (ie, with the crack length: a and a+δa) are determined from the load-displacement
curve (P, δ), and then points M1 and M2 corresponding to load-displacement curves (PI , δI) and (PII , δII) are deter-
mined by the Eqs.(1,2).
Moreover, in the FEA, a generalized Mθ-integral algorithm based on M-integral and adapted to the orthotropic
material developed by Pitti et al. (2007) will be used to analyze the mixed mode problem.
3.2. Analysis of the compliance function and R-curves
For each mode ratio, the MMB specimen is analyzed by a two-dimensional plane stress through the ﬁnite element
code CAST3M by using elastic properties of Norway spruce given in Guitard (1987) with the longitudinal modulus
EL = 9900 MPa, the tangential modulus ET = 410 MPa, the shear modulus GTL = 610 MPa and νTL = 0.42. For each
mode ratio, the proportion of GI and GII changes with the surge in the ﬁrst 10 mm of propagation cracks (shaded area
in the Fig.2a), and then it becomes stable with a constant value. This variation zone may be due to the beginning of
the small notched specimen (Chona et al. (1983)) as well as the singularity zone at the crack tips (Sih (1974)). Hence,
mode ratio is selected in the stability zone (ie, constant values), and then the evolution of the compliance function of
specimen (λ(a) = δ/P) corresponding to this mode ratio is computed.
In order to take into account the diﬀerence between the experimental and the numerical compliance, the numerical
compliance λ(a) is modiﬁed through a correction factor ψ deﬁned as the ratio of the experimental initial compliance
over the numerical one: ψ = λexp(a0)/λ(a0). ψ must be only evaluated from the initial crack length a0 because, for
the initial crack length, the equivalent linear elastic crack length corresponds to the actual one (Morel et al. (2005)).
In general, the experimental initial compliance λexp(a0) is often diﬀerent from the numerical one λ(a0) because of
the diﬀerence between actual elastic properties of the specimen and those used in the FEA. In fact, there is natural
scattering of the longitudinal elastic modulus EL, orthotropic factors f a and f b of the material (with f a = ET /EL and
f b = GLT /EL). For a given specimen, once the factor ψ is evaluated, the corrected numerical compliance function
λcor(a) is obtained by: λcor(a) = ψλ(a).
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In order to explain this correction ψ, based on the Mθ-integral method, the compliance function and the evolution
of the strain energy release rate of specimen are mainly studied as a function of EL, f a and f b of wood (Sih (1974)).
Gtot(a) =
1√
2EL
⎡⎢⎢⎢⎢⎢⎢⎣
√
1
f a
− νLT + 12
1
f b
⎤⎥⎥⎥⎥⎥⎥⎦
1
2 ⎡⎢⎢⎢⎢⎢⎣ (KI(a))2√
f a
+ (KII(a))2
⎤⎥⎥⎥⎥⎥⎦ (5)
λ(a) =
∫
2b
P2
Gtot(a)da =
1√
2EL
⎡⎢⎢⎢⎢⎢⎢⎣
√
1
f a
− νLT + 12
1
f b
⎤⎥⎥⎥⎥⎥⎥⎦
1
2 ∫
2b
P2
⎡⎢⎢⎢⎢⎢⎣ (KI(a))2√
f a
+ (KII(a))2
⎤⎥⎥⎥⎥⎥⎦ da (6)
Based on Eqs.(5, 6), the value ofGI(a), GII(a), Gtot(a) and λ(a) are linearly proportional to EL, but are not proportional
to f a and f b. From Guitard (1987) result, f a and f b are selected from 0.034 to 0.049 and from 0.056 to 0.068,
respectively. The error diﬀerence of the correction coeﬃcient ψcor, which is deﬁned between the compliance obtained
by using f a and f b and those by using reference parameters (EL = 9900 MPa, ET = 410 MPa, GTL = 610 MPa and
νTL = 0.42), is written as:
ψcor(a) =
λ(a)/λre f (a)
λ(a0)/λre f (a0)
(7)
The greatest diﬀerence of the correction coeﬃcient ψcor are 0.02% and 0.1% for f a and f b, respectively. These
errors tend to increase when the crack length increases. Consequently, with these error values, the application of the
correction coeﬃcient ψ for the compliance function in the FEA is reasonably acceptable.
Fig. 2. (a) Mode ratio obtained by the Mθ method (FEA); (b) Typical R-curves ﬁtting for mixed mode, mode I and mode II obtained with mode
ratio of 0.15
Typical evolutions of the strain energy release rate GTot(a), GI(a) and GII(a), pronounced R-curve, are plotted in
Fig.2b. R-curve is expressed as a function of the critical fracture energy GRc, plateau value of the R-curve, of the
characteristic equivalent crack length ac and of the puissant coeﬃcient β (Morel et al. (2005)). As shown in Fig.2b,
the numerical R-curve is in fair agreement with the experimental one. All values of fracture energy obtained for pure
mode I, pure mode II and mixed-mode are taken into the evaluation of the failure criterion in the next section.
4. Criterion of mixed-mode
Recently, the concept of the fracture energy is more used when describing fracture criteria. Based on previous
studies, fracture criteria are often derived in a general form as following:
f (m, n) =
(
GIc
GIRc
)m
+
(
GIIc
GIIRc
)n
= 1 (8)
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where GIRc and GIIRc are critical fracture energies for the pure mode I and the pure mode II, respectively. And, GIc
and GIIc are, respectively, critical fracture energy for mode I and mode II under mixed mode loading. Parameters m,
n are impact coeﬃcients of fracture mechanisms causing modes of rupture (with m for mode I and n for mode II).
Three diﬀerent fracture criteria with the linear (m = 1; n = 1), the semi-quadratic (elliptic) (m = 1; n = 2) and the
quadratic (m = 2; n = 2) are usually considered in order to characterize the fracture envelop of wood species (Moura
et al. (2010); Yoshihara (2013)). As shown in Fig.3a, the linear criterion globally presents the best agreement with
experimental values, while other criteria give too optimistic results. The results obtained with plateau values by ﬁtting
to the R-curve used to represent the fracture envelope of GI and GII are in agreement with previous studies (Moura
et al. (2010) and Yoshihara (2013). Moreover, at the high mode ratio GI/GII , the shape of the fracture envelop tends
to ellipse (Fig.3a). This is recognized by the fact that under mixed-mode loading with a small presence of mode II the
fracture energy is similar to the critical fracture energy in pure mode I (Moura et al. (2010)).
Fig. 3. (a) The envelopes of the linear, the semi-quadratic and the quadratic fracture criterion with the propagation fracture toughness; (b) A typical
of fracture criteria on the entire of the crack length obtained with mode ratio of 0.70
From this paragraph, we will present our original results compared to previous studies. With respect to the results
obtained from our analysis, a general form of the fracture criterion on the entire of the crack length under mixed mode
condition is proposed. From Eq.(8) using properties of R-curve in each pure mode and the mixed mode, the fracture
criterion in function of the elastic crack length is developed as following:
f (a,m, n) =
[
GI(a)
GIR(a)
]m
+
[
GII(a)
GIIR(a)
]n
= 1 (9)
f (a,m, n) =
[
GIc
GIRc
]m
. [α11.α12]m +
[
GIIc
GIIRc
]n
. [α21.α22]n (10)
where α11 = (a − a0)β1−βI and α12 = (a − a0)β2−βII . In addition, α21 = (acI−a0)βI(ac1−a0)β1 and α22 =
(acII−a0)βII
(ac2−a0)β2
It is simply assumed that all diﬀerence in the dissipative mechanism at the crack tip between pure mode I, pure
mode II and mixed mode fracture is neglected. It means that the characteristic crack length ac and the coeﬃcient β
of each mode in mixed-mode and in pure modes are equal. So, coeﬃcients αi j (with i, j = 1, 2) will be equal to one.
Eq.(10) will give same results as Eq.(8) so that Eq.(8) is a particular case of Eq.(9) in which the input value is only the
propagation fracture toughness. Hence, Eq.(8) is unique applicable in the context where the crack growth mechanism
of pure modes and mixed mode has been simpliﬁed and supposed to be equivalent. In fact, it is diﬃcult to verify this
assumption in the actual fracture test; especially for mixed mode condition.
With the results obtained, β and ac are diﬀerent in each test and it may be happen in the actual fracture test. So,
coeﬃcients α11, α12, α21 and α22 will be not equal to one. Consequently, in order to satisfy Eq.(9), properties of
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R-curve in pure modes will be aﬀected by these coeﬃcients. An optimization procedure of fracture criterion with
fracture property parameters obtained under mixed mode test (using the average value of each series) is carried out
to estimate the propagation fracture toughness for pure mode I and pure mode II. Once this optimization procedure
for each test is ﬁnished, one pair of the new propagation fracture toughness for pure mode I (GIRc) and pure mode II
(GIIRc) corresponding to each criterion are obtained. The pairs of values obtained from the linear criterion is close
with the average value of pure modes tests and greater than those from the elliptic criterion.
In three above fracture criteria, we do not take into account the fracture energy at the ﬁrst 10mm of crack propaga-
tion zone. In this zone, we can be seen that the number of values of fracture energy is not many (Fig.2a) and the mode
ratio is not stable (Fig.2b). Thus, it may cause the perturbation for the validation of the failure criterion at the other
phase of the crack length. As explained in previous sections, the energy mechanisms under mixed mode conditions in
this zone are complex during the development of the fracture process zone for mode I and mode II.
We would like to focus on this zone (with the high mode ratio GI/GII) to study the fracture criterion. According to
the analysis of the mode ratio in Fig.2a, in the early phase of crack growth, the ratio GI/GII is large, tends to descend
and stable (ie. constant). In Fig.3b, fracture energies obtained in this zone are adapted with the elliptical criterion.
This is also in agreement with the previous study on this criterion for the initial propagation toughness at the initial
crack length a0 (Yoshihara (2013)). In case of mixed mode, it can be explained by the crack development of the initial
phase of crack growth in which the damage induced by the mode I is dominant and during crack growth, this inﬂuence
is more balance and stably diminishing. We may conclude that during crack growth in each test, the fracture criterion
seems to transform from the elliptic shape to the linear shape.
5. Conclusions
In this research paper, mixed-mode bending (MMB) tests have been employed and proved to be suﬃcient in order
to study the fracture characterization of wood cracks under mixed mode loading. Based on the compliance method,
the correction of elastic properties of the material for each specimen is obtained and the crack length during crack
propagation is determined. The combination between this method and the Mθ-integral method has been performed in
order to estimate R-curves for pure modes and the mixed-mode I/II (MMB test). The fracture criterion which is usually
used the critical fracture energy is successfully applied with the linear criterion. Furthermore, a generalization of the
fracture criterion whatever the crack length in R-curve of each specimen obtained through an adequate approximation
is analyzed. It is shown that, in the rising zone of R-curves, both components (mode I and mode II) of the resistance
to crack growth are described with a reasonable accuracy using the linear and semi-quadratic criteria.
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